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The Scenario Approach
to Robust Control Design

G.C. Calafiore and M.C. Campi

Abstract. This paper proposes a new probabilistic sqor robust) approach in this case requires the satisfaction
lution framework for robust control analysis and synthesis the analysis or synthesis constraifs all admissible
problems that can be expressed in the form of minimizaalues(worst-case approach) of the uncertain parameters
tion of a linear objective subject to convex constrainthat appear in the problem data, see for instance [1].
parameterized by uncertainty terms. This includes the widderefore, in the ‘robustified’ version of the problem
class of NP-hard control problems representable by meam®e has to determine a solution that satisfies a typically
of parameter-dependent linear matrix inequalities (LMIsinfinite number of convex constraints, generated by all

It is shown in this paper that by appropriate sampling dhe instances of the original constraints, as the uncertain
the constraints one obtains a standard convex optimizatiparameters vary over their admissible domains.
problem (the scenario problem) whose solutioafgrox- This ‘robust’ convex programming paradigm has
imately feasiblefor the original (usually infinite) set of emerged around 1998, [7], [28], and, besides the systems
constraints, i.e. the measure of the set of original coand control areas, has found applications in, to mention
straints that are violated by the scenario solution rapidhut a few, truss topology design [6], robust antenna array
decreases to zero as the number of samples is increaskxbign, portfolio optimization [29], and robust estimation
We provide an explicit and efficient bound on the numbg27]. Unfortunately, however, robust convex programs are
of samples required to attain a-priori specified levels ofot as easily solvable as standard ones, and are NP-hard
probabilistic guarantee of robustness. A rich family oih general, [7]. This implies for instance that — unlike
control problems which are in general hard to solve istandard semidefinite programs (SDP) — simply restating
a deterministically robust sense is therefore amenable aacontrol problem in the form of a robust SDP does not
polynomial-time solution, if robustness is intended in theean that the problem is amenable to efficient numerical
proposed risk-adjusted sense. solution.

The current state of the art for attacking robust convex
gptimization problems is by introducing suitablelax-
gtions via ‘multipliers’ or ‘scaling’ variables, [9], [28],
[41]. The main drawbacks of the relaxation approach are
that the extent of the introduced conservatism is in gen-

|. INTRODUCTION eral unknown (although it can be assessed for particular

Convex optimization, and semidefinite programming iﬁlas_ses Of_ problems, see [9], or _asymptoncally reduced
particular, has become one of the mainstream framewo}?@é Increasing the order (,)f relaxation, [41]), and that the
for control analysis and synthesis. It is indeed Well-knOWWethOd itself can be app_lle_d only when the dependen_ce of
that standard linear control problems such as Lyapun W d_ata on the uncertamtu_as has a par_t|cu|ar ar_wd simple
stability analysis andd, or H., synthesis may be formu- unct|or_1al form, such as affine, polynomlal or rgtlonal.
lated (and efficiently solved) in terms of solution of convex In this paper, we pursue a dlffereptobal;.)|||st|c.ap-
optimization problems with linear matrix inequality (LMI) proach to robustness in control probl_ems, In Wh'Ch the
constraints, see for instance [11], [25], [42]. More recentl ,uarantees of performance are not intended in a deter-

research in this field has concentrated on consideri jnistic sense (satisfaction agaimdt possible uncertainty
problems in which the data (for instance, the matric tcomes) but are instead intended in a probabilistic sense

describing a given plant) are uncertain. A ‘guarantee%srgng;ﬁign formostof the uncertainty instances,
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for probabilistic robust control synthesis: the approacBection VI.
based on the Vapnik-Chervonenkis theory of learning [34],
[49], [50], and the sequential methods based on stochastiq| \WoRrsTECASE VERSUSPROBABILISTIC DESIGN

radient iterations [19], [24], [37] or ellipsoid iterations, ,
?31] [19]. [24], [37] P A wide class of robust control problems can be ex-

ressed as optimization problems subject to constraints

The first approach is very general but suffers fro . . .
the conservatism of the Vapnik-Chervonenkis theory, [4 at are parameterized by the uncertainties affecting the
b y: lant. In formal terms, i) € © C R™ is the ‘design pa-

[48], which requires a very large number of randoml¥ * (which includes th | I
enerated samples (i.e. it has high ‘sample complexity’ meter (.W Ich Inclu e_s_t e aCtl_Ja controller parameters,
9 e us possibly other additional variables such as parameters

in order to 'ach|eve the desweq probabilistic guarante oF Lyapunov functions, slack variables and scalings), and
Even more importantly, the design methodology propos?ﬁie family of admissible plants is parameterized by an

in the s_emmal paper .[49] does ot aim to enforge thSacertainty vectorsd € A C R"™, then the prototype
synthesis constraints in a robust sense, but is instea

) o o control problem we refer to consists in minimizing a
directed towards minimizing thaveragecost objective. L o N S
linear objectivec* 0 (the objective to be minimized can

Alternatively, when the original synthesis problem i (a1en as linear, without loss of generality), subject to
convex (which includes many, albeit not all, relevant CONz (g §) < 0,6 € A, where £(6,8) : © x A — [—o0, 00]
trol problems) the sequential approaches based on stochjas; gcajar-valued function that specifies the constraints.
tic gradients [19], [24], [37] or ellipsoid iterations, [31].Note that considering scalar-valued constraint functions

may be appli_ed_ with succ_egg. However, these methqgswithout loss of generality, since multiple constraints
are currently limited to feasibility problems, and have no}l(e 5 < 0 fa.(6,8) < 0 can be reduced to a
) — yr ’I’Lf b —

yet been extended to deal satisfactorily with optimizatiogmgﬂe scalar-valued constraint by the positi?,§) =
More fundamentally, these algorithms have asymptotiﬁaxz_:1 —ny £:(6,5). In typical situations A has infinite

nature, i.e. they are guaranteed to converge to a robustqinajity, j.e. it contains an infinite number of possible
feasible solution (if one exists) with probability one, banstances foB

the total number of uncertainty samples that need to beIn this paper we make reference to problems where the

drawn in order to achieve the desired solution cannot l}efunction is convex ind as formally stated in the next
fixed in advance. assumption

The main contribution of the present work is to propose assumption 1 (convexitylet © C R™ be a convex
a general framework named ‘scenario approach’ to soly@ closed set, and let C R"s. We assume that(, 6) :

convex robust control design problems. The fundamen@l,c A —, o, o0] is continuous and convex if for any
idea is to consider only a finite number of samplegyed value ofs € A. *

instances of the uncertainty affecting the system (the
scenarios), and to solve in one-shot the correspondingAssumption 1 requires convexity only with respect to
standard convex problem. We shall prove in this papthre design variablé, while generic non-linear dependence
that the number of scenarios that need be consideredwigh respect taj is allowed.
reasonably small and that the solution of the scenario prob-Important special cases of robust convex programs are
lem hasgeneralizatiorproperties, i.e. it satisfies with highrobust linear programs, [8], for whicli(6, ) is affine in
probability also unseen scenarios. This is fundamentally and robust semidefinite programs, [9], [28], for which
different from the average reformulation proposed in [49}(0,6) = Anax[F (0, §)], where

In the key result of this paper (Theorem 1) we pro- ne
vide an efficient bound on the sample complexity of the F(9,6) = F,(d) + ZeiFi(‘S)’ Fy(0) = FF(6),
scenario problem, that increases slowly with the required i=1
probabilistic levels. This is different from the stochastic, Amax[-] denotes the largest eigenvalue.

sequential methods of [19], [24], [31], [37] that have to"0qqer is referred to Section V for a sample of

an asymptotic nat_ure. More(_)ver, a notaple |mproveme|rbtbust control problems that fall within the convex frame-
upon the stochastic sequential methods is that our resifiik here described

holds for robust optimization problems and not only for
feasibility. a) Worst-case desigrin worst-case design, one aims
This paper is organized as follows. In Section I, wat enforcing the design constrairftd,5) < 0 for all
introduce more precisely the notion of probabilistic desigipossible values of the uncertainlye A. The resulting
Section Il contains the main results on scenario optimizalosed-loop system will hence exhibit a performance level
tion, while a proof of Theorem 1 is given in Section IV.that is guaranteed for each and every plant in the uncertain
Section V discusses some robust control problems tHatily. However, a fundamental problem is encountered
are amenable to the scenario-based solution, and presahtsg this approach: obtaining worst-case solutions has
a numerical example. Conclusions are finally drawn ibeen proven to be computationally hard; explicit results on



the NP-hardness of several worst-case design problems arBefinition 2 ¢-level solution): Let e € (0,1). We say
for instance found in [10], [13], [36]. In addition, a secondhatf € O is ane-level robustly feasible (or, more simply,
criticism applies to a worst-case design: seeking guaan e-level) solution, ifV(0) <e. *
antees against the worst-case can introduce undesirabl

conservatisnin the design, since all the design focus is Onolution, where is any fixed small level, and that is worst-

a special ill' situation (the worst-case plant), which COUI(?ase optimal over the set of satisfied constraints. To this

as well be unrepresentative of the majority of adm|SS|b|:e . . . :
o . urpose, we now introduce the ‘scenario’ version of the

plants. These critical points that we recalled here afe . S
: : ) robust design problem. By scenario it is here meant any
extensively documented in the recent work by Vidyasagar_,.__.. . :
. realization or instance of the uncertainty parameétein
[49], to which we refer the reader. For these reasons, we

adoot in this paper an alternative desian aporoach. ba e(a scenario design we optimize the objective subject to a
Pt | S pap . SIgn approach, Dasefe nmber of randomly selected scenarios. Later on in
on satisfaction of the design constraiirisprobability.

Theorem 1 we show that the scenario design permits to
b) Probabilistic robust design:in the probabilistic splve thee-level probabilistic design.

design paradigm, we assume a probability measure Prob ) ) .
over the uncertainty seh. Then, for a given probability ~ Definition 3 (scenario design)Assume thatN inde-
level ¢ € (0,1), we seek a design parametérthat Pendent identically distributed sampléd), ..., 6(V) are

minimizesc? @ while satisfying all constraints but a smalidrawn according to probability Prob. A scenario design
fraction of them whose probability is no larger than th@'oPlem is given by the convex program

Bur goal is to devise an algorithm that returns-lavel

prespecified levet. It should be noted that this approach RCPy : mincT0 subject to: 1)
can be seen as a relaxation of the worst-case paradigm €0
where one allows a risk level and looks for a design f(0,69)y<0,i=1,...,N.

parameter such that the performance specification is vio-
lated by at most a fractionof the plants in the uncertainty
family.

*
The acronym RCR refers to the fact that (1) is a robust
convex program withV constraints.

1. SCENARIO OPTIMIZATION To avoid mathematical clutter, we here make the fol-

lowing technical assumption on the scenario problem.

The main result of this section (Theorem 1) shows th‘ﬂowever, this assumption can be released, as shown in
a solution to the probabilistic design problem can be fou

at low computational effort, with complete generality.

We start by formally introducing some relevant defini- Assumption 2:For all possible extractions®), ...,
tions. We assume that the suppdxt for & is endowed 6", the optimization problem (1) is either unfeasible,
with a o-algebraD and that Prob is defined ovep. O, if feasible, it attains a unique optimal solution. *

Moreover, we assume thdt € A : f(6,6) <0} € D, contrary to the robust convex problem, the scenario
V6 < ©. Depending on the situation at hand, Prob cafoplem RCR; is a standard convex optimization problem
have different interpretations. Sometimes, it is the actughh a finite numberN of constraints and hence its
probability with which the uncertainty parame@ttakes oniimal solutiondy is in general efficiently computable

on value inA. Other times, Prob simply describes thgy means of numerical algorithms. Moreover, since only
relative importance we attribute to different uncertainty; -onstraints are imposed in RGPit is clear that the

instances. We have the following definition. optimal solution of RCR is superoptimal for the robust
Definition 1 (probabmty of Violation):l_et 0 € 6 be convex problem with all constraints in place, i.e. the ob-

given. Theprobability of violationof ¢ is defined as jective corresponding téy outperforms the one achieved
with the solution of the robust convex program. In this
V(6) =Probo € A: f(0,6) > 0}. way, the scenario approach alleviates the conservatism of

N the worst-case approach.
. . . The fundamental question that need now be addressed
For example, if a uniform (with respect to Lebesgue

measure) probability density is assumed, thei#) mea I5: what guarantee can be provided on the level of fea-
y - T . ~ ’) .
sures the volume of ‘bad’ parametefssuch that the sibility of the solutionf of RCPy? The following key

. Lo . Theorem 1 and its Corollary 1 answer this question.
constraint f(6,6) < 0 is violated. Clearly, a solutiord . y a
X : . . Before stating the theorem, we note that, since the con-
with small associated/(6) is feasible for most of the e tln 50 :
: NN i ) straintsf(6,6'%) < 0 are randomly selected, the resulting
problem instances, i.e. it @pproximately feasibléor the

. : .~ _optimal solutiondy is a random variable that depends
robust problem. This concept of approximate feas|b|I|tE§n the multi-sample extractiofd! 5(N). Therefore
has been introduced in the context of robust control o ' ’

[4]. Any solution @ such thatV’(6) < ¢ is here named an '@N can be a-level solution for a given random extraction
‘e-llevel’ solution: - and not for another. In the theorem, the parameter

bounds the probability thaly is not ae-level solution.



Thus, 3 is therisk of failure or confidenceassociated to
the randomized solution algorithm.

Theorem 1:Let Assumption 2 be satisfied. Fix two real
numberse € (0,1) (level parameter) andd € (0,1) satisfactiori

set

(confidence parameter). If

N2 Now(er) = | inf @

L <1ln1 +ng + @lni + 1ln(n9/e)ne>—‘
1—-v\e p € VE € ng!

([-] denotes the smallest integer greater than or equal to
the argument) then, with probability no smaller thian 3,
either the scenario problem RgRs unfeasible, and hence
also the initial robust convex program is unfeasible; or,
RCPy is feasible, and then its optimal solutidh is e-
level robustly feasible. *

In this theorem, probability — 3 refers to theN-fold Fig. 1. Interpretation of Theorem 1: with probability at ledst- 8
bability Prok’ ! Prob Prob N ti AN _ e extract a multisamplé(), ..., 5(N) from outside the ‘bad set'. The

probability Prob” (= ] ro <X rob, N tllmes) n —  resulting optimal solutio x; is hence feasible for all but at most a set
A X A x---x A, which is the set to which the extractef measure of the uncertainties.
multisample(s("), ..., §(")) belongs. Here and elsewhere,
the measurability of V(6y) < €}, as well as that of other
sets inAY, is taken as an assumption. A proof of the Some remarks further comment the results in Theorem 1
Theorem 1 is given in Section IV. A visual interpretatiorand Corollary 1.
of this theorem is provided in Figure 1.

Theorem 1 states that iV (specified by (2)) random i fini b ¢ _ h
scenarios are drawn, the optimal solution of RCR ¢~ | We extract afinite number \V of constraints, then

level feasible according to Definition 2, with high probazhe_ S,OIUtion of the randomized problem — .if feasit_)le_ B
bility 1 — 3. Parameteq3 is important in theory since, if satisfies most of the other unseen constraints. This is a

r generalizationproperty in the learning theoretic sense:
" the explicit satisfaction of some ‘training’ scenarios gen-

marginal role. The reason is thatshows up in (2) under eralizes automatically to the satisfaction of other unseen

the sign of logarithm so that it can be made very Smaﬁpenarios. It is interesting to note that generalization calls
(10~19 or even10~-2°) without significantly increasingy. for some kind of structure, anthe only structure used
The scenario approach thus provides us with a viable afi® IS convexitySo, convexity in the scenario approach

implementable way to robustify a nominal design up to '3 fundgmeptal In two dlffere_nt_ respects_: on the comp_uta—
desired levek. tional side, it allows for an efficient solution of the ensuing

Bound (2) can be simplified as stated in the ne)gptimization problem; on the theoretical side, it allows for
corollary. generalization. %

Corollary 1: The results in Theorem 1 hold for Remark 2 (sample complexitylFormula (3) provides a
ready-to-use ‘sample complexity’ for the numbat of

1 2] (3) random scenarios that need to be drawn in order to
€ € achieve the desired probabilistic level in the solution. In
_ _ o ~_* fact Nigg(€, 8) in (3) only depends on the numbep of
The subscript “log” in (3) highlights the logarithmic de-gptimization variables, besides the probabilistic levels
pendence org. andg, and its evaluation does not involve computing com-
Proof. Observe thaing/e)"™ < ny!, and hence the last Plicated complexity measures such as the VC-dimension.

term in (2) is non-positive and can be dropped, leading tbis not difficult to conceive situations where the class of
sets{0 € A : f(6,9) > 0} C A, parameterized ird,

Ngen (€, 3) < { 1 <1ln1 +ng+ AN 1)} ., (4) has infinite VC-dimension (see e.g. [47] for a definition
l—vie f € ve of VC-dimension), even for smathy. Then, estimating
where v can be freely selected ifD,1). The statement Prob{é € A : f(0,6) > 0} = V(0) uniformly with
of the corollary is then obtained by selecting= 1/2 in  respect ta is impossible and the VC-theory is of no use.
(4). We also note that further optimizing (4) with respectheorem 1 says that, if attention is restricteddtp, then
to v always leads to av < 1/2, with a corresponding estimatingV(éN) is indeed possible and this can be done
improvement by at most of a fact@r O at alow computational cost. *

Remark 1 (the role of convexityfheorem 1 says that

[ is pushed down to zerdy goes to infinity. Howeve
for a practical use, we can observe tltaplays a very

2.1 on
Nleog(e,g):Llnﬁmnﬁ o




Remark 3 Probindependent bound)tin some applica- Theorem 2:Let ¢, € (0,1) be given probability
tions, probability Prob is not explicitly known, and theevels. LetJccp() denote the optimal objective value of
scenarios are directly made available as ‘observationtfie chance-constrained problem CEH( (6) when it is
This could for example be the case when the instanciessible (i.e.Jccp() = infgco c1'6 subject toV () < ¢)
of ¢ are actually related to various measurements and let Jzcp, be the optimal objective value of the
identification experiments made on a plant at differerscenario problem RGP in (1) when it is feasible (notice
times and/or different operating conditions, see e.g. [18hat Jrcp, is a random variable, while/ccp( is a
[16]. In this connection, we notice that the bound (2) ideterministic value), withVany number satisfying (2).
probability independent, i.e. it holds irrespective of th&hen,

underlying probability Prob, and can therefore be applied 1) with probability at least. — 3, if RCPy is feasible
even when Prob is unknown. * it holds that

Remark 4 (Comparison with an older bound):In a
previous work [17] devoted to general convex optimiza-
tion, the authors of the present paper derived a different2) assume CCR,) is feasible, where; = 1 — (1 —
bound on the sample complexity of sampled convex pro-  3)/". With probability at leastl — 33, it holds that
grams. This earlier result establishes that the statement of
Theorem 1 holds for

Jrepy = Jocp(e);

Jrepy < JocP(er)-

. g *
N = Nin(e, 8) = Lg B 1} : G A proof of this theorem is given in Appendix B.
. - . ) A few words help clarify result 2 in Theorem 2. First
-1 -1
This bound is linear both in~" and 5~ and, since one | .o that Jocp(o IS a non-increasing function of.

B’p'c"ﬂly de?res to_h%\/é v_er:y small, bou[\]d () IIS Véors,eegesult 2 states that the optimal valligep,, (whereN has
y orders of magnitude with respect to the newly dervegy o sejected so that the optimal solutioerievel feasible

bounds. The number of samples required by (2) appeqian nrobability 1 — ) is, with probability at least — 3
to be reasonable and useful for a practical implementatign .. <o than/ccp(e,) ,for a certaine; < ¢ explicitl);

of nglmethod: For |n§tabqﬁe, Im alép;)rgbloe[)nl Wn%: 1_0 given. For a ready comparison betweeand¢;, observe
variables, setting probability levels = 0.01 and 5 = 5t rejationas < sa + (1 — s) holds for anya > 0 and

-5 i _
107, bound (2) would requiréVe., = 8725 samples. % 0 < s <1 (as it easily follows by observing that the two
sides coincide fos = 0 ands = 1 and thata® is convex

A. The chance-constrained problem in s). Then, with the positiors = 1 — 3;s = 1/N, we
Consider the probability-constrained problem have
.7 . . 1 1 I}
CCR) : Ierélélc 0 subject to: 6) ¢,=1- (1 _5)1/N >1- {N(1_5)+(1 — N)} =

: < — €.
Prob{o € A: f(0,0) <0} >1—e¢ which, used in result 2 of the theorem, givégcp, <

The distinctive feature of CCPY(is that it is required Jocp(s/n), With N any number satisfying (2). For a crude
that the neglected constraint set is chosen in an optinedaluation, use bound (3) fav. If ng > 1 and 3 is not
way, i.e. among all sets of constraints with probabilityaken to be very small as comparedahen the dominant
no larger thare, the removed one is the one that allowserm in (3) is 222 In 2, leading toe; ~ & ~ m%e,
for _th_e greate_st reductlor_1 in the de§|gn objective. In thenere 5 , is the rescaling factor betweenand 615_
optimization literature, this problem is called a ‘chance- Znoln <

constrained’ optimization problem, see e.g. [38], [46].

It should readily be remarked that an exact numerical IV. PRELIMINARIES AND PROOF OFTHEOREM 1
solution of CCPY) is in general hopeless, see [38], [46]A. Preliminaries

Moreover, CCR{) is in general non-convex, even when \we first recall a classical result due to Helly, see [40].
the function f(6,0) is convex iné for all § € A. o

There are however very specialized instances of chancelémma 1 (Helly):Let {X;};—, _, be a finite collec-
constrained problems (in particular, linear programs withP" Of convex sets iR™. If every sub-collection consist-
log-concave distributions of the uncertain parameters) tH3g ©f 7 + 1 sets has a non-empty intersection, then the

can indeed be reformulated as standard convex prograf@tire collection has a non-empty intersection. *
and hence solved efficiently, see again [38], and [35] for Next, we prove a key instrumental result. Consider the
an application to control design. convex optimization program

As we have already seen, RgPeturns with high prob-
ability a feasible solution of CCPY In the next theorem, P: mingegn ¢’z subject to:
we establish a precise connection between ECR(d S X,

RCPy. ie{l,...,m}



whereX;,i = 1,...,m, are closed convex sets, and definlemma (Lemma 1) there exists a poihtsuch thatz €

the convex program®;, k = 1,...,m, obtained fron® (7., ., €. Such az would therefore be feasible for

by removing thek-th constraint: problem P; moreover, it would yield an objective value

J = s < Ta* = J* (sincei € H). This is a

contradiction, because* would no longer be an optimal
WS m X;. solution for P, and hence we conclude that n. O

i€{l,....m}\k

Assume progran® and the program®;, admit a unique ~ We are now ready to present a proof of Theorem 1.

optimal solution, say* andx}, respectively, and lef* =

c"z* and J; = ¢"'z}. We have the following definition. B. Proof of Theorem 1

Definition 4 (support constraint)The k-th constraint ~ The fact that, if RCR is unfeasible, then the initial
X, is asupport constrainfor P if J; < J*. * robust convex program is unfeasible too is trivially true,
since the latter program exhibits more constraints than
RCPy. Thus, we have to prove that, with probability- 3,

Theorem 3:The number of support constraints forither RCR; is unfeasible or, if feasible, its solution és
problemP is at mostn. * level robustly feasible. This part of the proof is inspired

A proof of this result was first given by the authors oPy a similar proof given in a different context in [23],

; . _For clarity of exposition, we first assume that problem
the present paper in [17]. We here report an alternati . . . 1 (N)
; CPy is feasible for any selection of?, ..., 6(N), The
and more compact proof based on an idea suggested to Us : o : !
. . .. caSe where infeasibility can occur is obtained as an easy
by professor A. Nemirovski in a personal communicatior, . o
extension as indicated at the end of the proof.

P : mingern ¢’ subject to:

The following theorem holds.

. i joss(M (N) —
Proof. Let problem P have ¢ support constraints ‘G|ven.N scenar_|05§ -, 00, select a subset
X,,,...,X, , whereS = {si,...,s,} is a subset of {zl,...?zng} of ng indices from{1,..., N} and letd; be
indices from{1, ..., m}. We next prove (by contradiction) the optimal solution of the program
thatq < n. min ¢70 subject to:
Consider the smallest objective improvement obtained €6 )
by removing a support constraint,;, = minges(J*—J;) £(0,60)) <0, j=1,...,n.

anq, for Sojmen WIth 0 < 1 < hmin, def|n<_e the hyperplane Based ond; we next introduce a subset) of the set
H = {z: 'z = J* — n}. By construction, the; points AN defi
. C o " efined as
zi, k € S, lie in the half-space{z : ¢’z < J* —n}, o
while z* lies in the half-spacdz : ¢’z > J* — n}, and AN = {(6W, ... 6™y 6 =0n) 7
therefore’ separates:;, k € S, from 2*. Next, for all
indicesk € S, we denote withz; the point of intersection
between the line segment z* andH.
Since =i, € MNicqy, mpx X & € S, and z* € N
Nieq1,....my Xin then by convexity we have that; € choices ofny indices from{1,..., N} (Z contains(ﬂg)
ie{1,...my\k Xis B €S, and therefore (since, by CON-gets). We want to prove that
struction,z; € H)

(éN is the optimal solution with allN constraints
sM ... 60 in place).
Let now I range over the collectio of all possible

AN = ] AF. (8)
ok IeT
T} € N x|(H kesS.
{1, mI\k To show (8), take angsV, ..., §(N)) ¢ AN, From the set
) . . of constraintd™®), ..., 6®) eliminate a constraint which
FOLZ - 1.’d' co T deﬂnet_the converseﬁif: X;Q‘H is not a support constraint (this is possible in view of
ant consider any collectioft;, ..., 2, } of n of these o0, 3, sinceV > ny). The resulting optimization
seSs. for th ¢ iradict h roblem with V. — 1 constraints admits the same optimal
uppose now (for the purpose o .con r.a Ic |o.n) tDlution O as the original problem withV constraints.
g > n. Then, there must exist an indgx¢ {i1,...,i,}

Consider now the set of the remainidg— 1 constraints
and, among these, remove a constraint which is not a
support constraint for the problem wifli — 1 constraints.
S (ﬂie{17___7m}\j Xi) (VH. Thus,z; € Q;;N---NQ;,,  Again, the optimal solution does not change. If we keep

such thatk; is a support constraint, and by the previou
reasoning, this means that there exists a pojnguch that

that is the collection of convex sets;,,...,Q;,} has going this way until we are left witm, constraints, in
at least a point in common. Now, since the séts the end we still havéy as optimal solution, showing that
i=1,...,m, belong to the hyperplang (i.e. toR”~, (6 ... 6(")) c AN, whereI is the set containing the

modulo a fixed translation) and all collections composegy constraints remaining at the end of the process. Since
of n of these sets have a point in common, by Helly'this is true for any choice of6(V),...,6(")) ¢ AN, (8)



is proven. Next leB = {(6M),...,6(M™M): V(dy)>¢} a top-down fashion, where the first one is (2):

andBy = {(6M,...,6M): V(é)[) > €}. We now have: 1 /11
N > In— +ng+
N 1—v \e ﬂ
B = BﬂA 71 7—"_71 (ne)ngi
= BN (UrezAY) (apply (8)) e/ gl
_ N
= Urez(BNAT) (1-v)N > fln——l—ng—l—
= Urer(BrNAY). (because of (7)) (9) B )
+—1 —+ 1n((”9) 9'>
A bound for Probf(B) is now obtained by bounding € no:
Prob(B; N AY) and then summing ovef € 7. (1-v)N > = 1n 1 +ng +
Fix any I, eg. I = {1,...,ng} to be more ex- e p )
plicit. The set B = By ., is in fact a cylinder +@ (111E 71) — = 1In(ng!)
with base in the cartesian product of the first con- 1 ¢ ] ve ¢
straint domains (this follows from the fact that condition N > —-In—=+4+ng+
V(H{l ne}) > e only involves the firstny constraints). e B N
Fix (5 ,0(m¢)) € base of the cylinder. For a point L (mne —1+ 2 E) — lln(m)!)
(6 6<"9 6ot 5(N)) to be in By, N € ve ng €
AN ..... o} constraintsa "9+1 ..,6™) must be satis- N > Il Tng+ 2N - 11n(ng!)(13)
fled by 9{1 no}r for, otherW|se we would not have ¢ € ¢

o) = Oy, as it is required mA , But, where the last implication can be justified by observing
,,,,, n 1 . . .
noy- Thus, by the fact that th_at In izni -, forz > 0, and applying this _mequal_lt_y
with z = ~%-. Proceeding from (13), the next inequalities
in the chain are

V(9{1,...,n9}) > ein By
the extractions are independent, we conclude that

prob’\ffne{( strot) 5N ): Ing > —eN+eng+nglnN —In(ng!)
(6D, 5 ,5<"9+1>,...,5<N>) € 3 > L""’e—e(zv—ne)
B{l ne} N Aﬁ 9}} < (1 — E)N_ne. "6
. — N(N—-1)--- (N — 1
ﬂ > ( ) ne(' ot )(176)]\’7“67

The probability on the left hand side is nothing but the
ditional probability thats™), ..., §(V)) € B N . o
2)15] fona ?J(e)n?(ll)lx 5?1( ’ 6(”19) _)gfne){ll’ﬁtg";at_ where, in the last implication, we have used the fact
ing over thg base of tﬁe c Ilndé? . we t.hen o%tain that (Y1) > (1 — V=", as it follows by taking
g y {Leeomo s logarithm of the two sides and further noting that¢ >
In(1 — €). The last inequality can be rewritten as

PFOHV(B{l ’’’’’ nelt ﬂAﬁ ’ﬂe}) N
< (1—e)N " . Prod* (base ofB(1. ,3) B> (n0> (1=,
< (1=t (19)  which is (12).
So far, we have assumed that RCB feasible for any
From (9), we finally arrive to the desired bound fokelection of5("), ..., 5("). Relax now this assumption and
Prob (B): call F C AN the set where RCR is indeed feasible. The

same derivation can then be worked out in the domain
(N ) (1—e)N-no F, instead of AV, leading to the conclusion that (11)
—c )

N
Prob™(B <I;Pr°bN (BiNAT) < holds with B = {(6(),... 6y e F: V(dy) >e}.
(11) This concludes the proof. O
The last part of the proof is nothing but algebraic ma-
nipulations on bound (11) to show that, N is chosen V. APPLICATIONS TOROBUST CONTROL

according to (2), then In this section, we discuss a few relevant control anal-

ysis and synthesis problems that can be naturally cast
(N) (1- E)N—ng <8, (12) in the ro_bu.st convex program formgt, an.d for which no
no deterministic polynomial-time algorithm is known that
computes an exact solution. For these problems, the solu-
so concluding the proof. These manipulations are reportédn approach that we propose is to first relax the problem
next. Any of the following inequality implies the next inin a probabilistic sense and then solve the probabilistic



problem via the randomized scenario approach presentedblving the vertices of the polytope. Notice however that
in the previous sections. in the classical case whe#(d) is an interval matrix, the
number of vertices of the polytope grows 28, which
A. Analysis and synthesis via parameter-dependent Ly§eans that QS cannot be checked with a computational
punov functions effort that is polynomial in the problem size,. N
) ) ) ) ) Now, notice that a key feature of the condition (15)
Consider the family of linear systems described in statgs that, for anyfixed § € A it represents a convex
space form as LMI condition in &, and therefore finding a feasible
(i = A(6)z, &€ A}, (14) parameterg a_mqunts indeed to solvipg a robust convex
program. This is the key observation that makes the
wherez € R is the state variable, and the parameéter scenario paradigm well-suited for probabilistic analysis
A C R™ parameterizing the system family is unknownwithin the context of generalized quadratic stability. With
but constant in time. In the sequel, we shall refer to systeppe-specified confidence, a matiX(¢, §) generated by a
families of the type (14) simply as ‘uncertain systems’. scenario solution would be a Lyapunov matrix for all but
Let P(¢, ) be a family of symmetric matrices dependa small fraction of the systems in the family (14).
ing on a design parametérc R"< and on the uncertainty
parameterd € A, and assume thaP(¢,¢) is linear in 1) Formalization as RCR: Notice that condition (15)
& for all 6 € A. The dependence oP(£,d) on the is a feasibility condition expressed by a strict matrix
uncertaintyd, as well as the dependence 4f5) ond, are inequality, while the robust convex problem considered
instead left generic. We introduce the following sufficienin previous sections is a minimization problem subject to
condition for robust stability, which follows directly from a non-strict inequality condition (we havg6,4) < 0 as
the standard Lyapunov theory. opposed tof (6,6) < 0). The precise formalization of the
GQS problem within the scenario setting can be done in
more than one way and it is to a certain extent a matter of
ataste. Here, as an illustration, we further develop this first
example to indicate a possible way to cast it within the

Definition 5 (generalized quadratic stability — GQS):
Given a symmetric matrix functionP(¢,4), linear in
& € R™ for all § € A, the uncertain system (14) is sai
to be quadratically stable with respect R{¢,0) if there

exists¢ € R™ such that setup .of Sectlon [l. It is tacitly understood that similar
formalizations apply to all other examples.
—P(¢,0) 0 ~Z0.V5 € A First, set an optimization problem with the format of a
0 AT(8)P(£,6) + P(€,0)A(9) ’ robust convex program as follows:
(15) RCP: mina subject to:
(< means negative definite). Such¥¢,d) is called a ' '
Lyapunov matrix for the uncertain system (14) * —I= —P(&9) 0 <al
' - 0 AT(8)P(&,0) + P(§,0)A(0) | =

For specific choices of the parameterizatiétié, d), Vo € A.

the above GQS criterion clearly encompasses the popUifen, assume a probability measure Prob over the uncer-
quadratic stability (QS, [11], [12]) and affine quadratigainties is given, and build the scenario counterpart of the
stability (AQS, [26]) criteria, as well as the biquadratigyoplem

stability condition of [45]. For instance, the quadratic
stability condition is recovered by choosii(¢, ) = P
(i.e. ¢ contains the free elements &f = PT, and there
is no dependence of), which amounts to determining ¢=1,..., N,

a single Lyapunov matrixP that simultaneously satisfiesyyhere the scenarios(® are independently extracted at
(15). The AQS condition is instead obtained by choosingindom according to Prob. Here, the optimization variable
P(6,8) = Py + 61 Py + -+ 6y, P, (16) @s 0= (&a). Note also that the IOV\_/er pounel[ has peen
introduced without loss of generality since, otherwise, the
where ¢ represents the free elements in the matricaslution may escape to infinity due to homogeneity of the
P, = PT, i = 0,...,ns. Notice that QS, AQS and constraint.
GQS constitute a hierarchy of sufficient conditions for Applying Theorem 1 we can then conclude that, with
robust stability having decreasing conservatism. Howeve@robability at leastl — 3, either RCR; is unfeasible,
even the simplest (and most conservative) QS conditisn that RCP and the original GQS is unfeasible, or the
is hard to check numerically. Only in the case when theolution (¢,&) of RCPy is a e-level solution for RCP.
set {A(), 6 € A} is a polytope, the QS condition isln the latter case, it > 0, it is easily seen that GQS is
exactly checkable numerically via convex optimizatioragain unfeasible. Finally, ift < 0, thenP (¢, §) is ae-level
[11], [12]. As a matter of fact, in this case a classical vertesolution for GQS. Applicability of Theorem 1 subsumes
result holds which permits to convert the infinite numbehat Assumption 2 holds, while in general situations one
of constraints entailed by (15) into a finite number of LMIgan resort to Theorem 4 in Appendix A.

RCPy : mina subject to:
—pg,s(1)

| L0 » ) <l
0 ATy pe, s(0) + pe, 5(0)a(D)

—Ij{ s



B. State-feedback stabilization of the LPV synthesis problem in the form of a robust
convex semidefinite program, and [24] for a randomized
solution approach, alternative to the one proposed in
& = A(0)x + B(d)u, (17) this paper), LP-based robust pole assignment (see [32]),
) ) i the various robust design problems based on parameter-
wherex € R" is the state variabley € R™ is the yonangent linear matrix inequalities presented in [1], as
control input, and matriced and B are generic functions o) 55 problems in the robust model predictive control

of § € A. . setup. For discrete-time systems, the robust analysis and
Suppose we want to stabilize (17) by means of_a Staliﬁ’ésign criteria proposed in [21], [22] are also directly
feedback control law, = K, where X' € R™" is @ o jitapje for the scenario technique. Also, problems of
static feedback gain. The resulting closed-loop systemd§ mempership state reachability and filtering [14], [18]
robustly stable if and only it (9) = A(d) + B(9)K is may be efficiently solved in a probabilistic sense by the

Hurw_itz for all 6 € A. o proposed methodology.
Using the enhanced LMI characterization proposed in

[2] (Theorem 3.1), robust stabilizability of (17) is equiva-
lent to the existence of matricds € R"="=, R € R"w"=
and a Lyapunov symmetric matrix functidf(§) € R™="=

Consider the uncertain system

In the next section, we present a numerical example of
the scenario design approach.

such that _
_(V4VT) VTAT(S) 4 RTBT(6)+PG) VT D. A numerical example
* —P(6) 0 |<0, Consider a robust state-feedback stabilization problem
* * —P(6) of the form presented in Section V-B. In particular, let the
Vo e A a8) uncertain system be given by
(asterisks denote entries that are easily inferred from &= A(d)x + Bu,

symmetry). If a feasible solution is found, the robustly

T
stabilizing feedback gain is recovered & = RV~'. \whereB = [ 1011 } ,and
A sufficient condition for robust stabilizability is hence 0101
readily obtained by considering a specific parameterized 2(1+65) —2-26, —2(1463)Q
matrix function family P(¢, ¢) (linear in the parametef, (8)= 0 —2-28,
for any fixeds € A) in the above condition. The resulting " | 4(1+65) cos(0.785+064) —4(1+03) cos(0.785+44)
problem is convex in the decision varialfle= (¢, V, R), 0 0
for any fixedé € A, and it is therefore a robust convex 2(1 4 05) sin(0.785 4 64) 24261 + 2(1 + 63)Q2
problem. Notice again that this robust problem is hard —2(1363)9 4;212:53%)%32 ,
to solve in general. As an exception, in the special case 0 2+ 25,

when [A(6) B(4)] is affine ind, A is a hypercube, and

P(0) is chosen in the affine form (16), the above robusiith (0 = cos(0.785 + d4) — sin(0.785 + 6,), § =
condition can be transformed by a standard ‘vertexizatiory, 4, 55 4,]7, and

argument into a finite set of LMIs involving the vertex

matrices, and hence solved exactly (this latter special cagé = {d : [01] < 0.2,[d2| < 0.2, |d5] < 0.2, [64] < 0.2}.

is indeed the one presented in reference [2]). We rem S .
. . e objective is to determine a state-feedback control law
however again that the number of vertices (and hence . !
u = Kz, such that the resulting closed-loop system is

LMI constraints) grows exponentially with the number
. . : robustly stable.
of uncertain parameterss, which makes this standard

anoroach practically unviable in cases whenis larde Using quadratic stability as a sufficient condition for
ppre P y . ge. robust stability, from (18) we have that such controller
This robust state-feedback stabilization problem is . . . i 94
: o .. &xists if there exisV € R**, R € R**, and a Lyapunov

amenable to the scenario randomization approach similafly . . T : . .
. . . _matrix P = P* such that (18) is satisfied. If a feasible
to the problem in Section V-A. A numerical example is S S
. . solution is found, the feedback gain is recoveredikas-

presented in Section V-D.

RV

Assuming uniform distribution ovefA, and proceeding
as discussed in Section V-A.1, we write the scenario
version of the problem as

In the previous sections, only a few control problems i
amenable to the scenario reformulation have beeff™ @ Subject t;’: T AT L T T -
illustrated. This is just a sample of possible problems and_]< _(V:V ) VAT EJIQR B +P VO ~al
many more can be considered, such as rolbist or H, - * N _pl|- ’
state feedback synthesis (see e.g. [2]), linear parametey—=1,... N,

varying (LPV) design (see e.g. [5] for a formulation

C. Other problems
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where 69 are independent samples uniformly extractesblution even when RGP is feasible (i.e. the solution
from A. escapes to infinity).

The design variable in this problemés= (V, R, P, o),
which containsig = 16 +8 + 10+ 1 = 35 free variables. 1) Non-uniqueness of the solutioriVe follow the
Hence, fixing a-priori probabilistic levels= 0.1 and3 = same approach as in [17], Section 4.1. Suppose that when
0.01, and using bound (2), we determine the sample sipgoblem RCR; admits more than one optimal solution
N > 1780. we break the tie by a tie-break rule as follows:

The numerical solution of one instance of the above
scenario problem (using theincx routine in Matlab’s Tie-break rule: Let ¢;(0), i = 1,...,p, be given con-
LMI-Lab) yielded optimal objectivex = —0.0635, corre- vex and continuous functions. Among the optimal so-

sponding to the controller lutions for RCRy, select the one that minimizes(9).
If indetermination still occurs, select among tethat
Koo | 38877 18740 - —2.6492 —1.6638 minimizet; (0) the solution that minimizes(¢), and so

2.5876  —1.5973  2.4038  —4.0906 on with t3(6),t4(6), ... We assume that functiorts(6),

Next, we run an a-posteriori Monte-Carlo analysis af=1,...,p, are selected so that the tie is broken within

robust stability. We can use a much larger sample size fprsteps at most. As a simple example of a tie-break rule,
this a-posteriori analysis, since no numerical optimizatiomne can considet; () = 6;1,t2(0) = 6s, ... *

is involved in the process. This a-posteriori test is con-
ducted by testing directly whethet($) + BK is Hurwitz

for a very large number6(x 106) of sampleds’s. Inter-

estingly, for the computed controllgk, the a-posteriori

From now on, by ‘optimal solution’ we mean either the
unique optimal solution, or the solution selected according
to the Tie-break rule, if multiple optimal solutions occur.

. o : . Theorem 1 holds unchanged if we drop the uniqueness
estimated probability of instability afi(¢6) + BK resulted requirement in Assumption 2, provided that ‘optimal so-

to be equal to zero, which, using Hoeffding’s inequaht){utlon is intended in the indicated sense.
[30], means for instance that we can claim with confldence.l.0 see this, generalize Definition 4 of support

greater thar9.999% that our controller may fail at most .t ~iotc t0:-The k-th constraint X, is a support

on a set 0’s having volume0.001. constraint for P if problem P, has an optimal solution
xj, such thatz;, # z*. Indeed this definition generalizes
VI. CONCLUSIONS Definition 4 since, in case of a single optimal solution

This paper presented a novel approach to robust conttgingle without applying the Tie-break rule}; # z* is
design, based on the concept of uncertainty scenari@guivalent toJ;; < J*. In [17], Section 4.1, it is proven
Within this framework, if the robustness requirements atBat Theorem 3 holds true with this extended definition of
imposed in a probabilistic sense, then a wide class ®fipport constraint (i.e. the number of support constraints
control analysis and synthesis problems are amenableigoat mostny), and then an inspection of the proof of
efficient numerical solution. This solution is computedheorem 1 in Section IV reveals that this proof goes
solving a convex optimization problem having a finitéhrough unaltered in the present setting, so concluding
numberN of sampled constraints. The main contributiothat Theorem 1 still holds.
of the paper is to provide an explicit and efficient bound
on the number of scenarios required to obtain a design tha?) Non-existence of the solutiofEven when RCR is
guarantees an a-priori specified probabilistic robustngié@sible, it may happen that no optimal solution exists
level. since the set fof allowed by the extracted constraints is

This methodology is illustrated by control design extnbounded in such a way that the optimal solution escapes
amples that present difficulties when tackled by means i infinity. In this section, we further generalize Theorem 1
standard worst-case techniques. We believe that, dueS@as to cope with this situation too and then provide a
its intrinsic simplicity, the scenario approach will be arieformulation of Theorem 1 (Theorem 4 below) that covers
appealing solution technique for many practical engineet!l possible situations.
ing design problems, also beyond the control apphcatlonsSUppose that a random extraction of a multisample
mentioned in this paper. s .., 6(N) is rejected when the problem is feasible
but no optimal solution exists, and another extraction is
performed in this case. Then, the result of Theorem 1 holds
) ] ) if attention is restricted to the accepted multi-samples. This
A. Releasing the uniqueness assumption idea is now formalized.

In Section Ill, the theory has been developed underLet D C AY be the set where RGP is feasible
Assumption 2 requiring that RGPis either unfeasible or, but an optimal solution does not exist (it escapes to
if feasible, it admits a unique optimal solution. Here, wénfinity) and assume that its complemeAt = D¢ has
drop Assumption 2 and consider the general case allowipgsitive probability: ProBi (4) > 0. Moreover, let Prof§
for non-uniqueness of the solution or non-existence of thee the probability ProB restricted to A: Prob) (-) =

APPENDIX
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Prob" (- N A)/Prob¥ (A). In addition, assume that if aSince the left hand side is PriJloB), the desired result
problem with, say,n constraints is feasible and admitgemains proven. The case whenis a strict subset oAY
optimal solution, then, after adding an exifa + 1)-th can be dealt with without any additional complicatian.
constraint, if the problem remains feasible, then an optimal
solution continues to exists (this rules out the possibilit§- Proof of Theorem 2
of pathological situations where adding a constraint forcesThe first claim is immediate, since from Theorem 1,
the solution to drift away to infinity). with probability at leastl — 3, if RCPy is feasible, then
Going trough the proof of Theorem 1, we can readilits optimal solutiondy satisfiesV (dy) < ¢, i.e. it is a
see that it remains valid if attention is restricted 40 feasible, albeit possibly not optimal, solution for problem
Precisely, the following theorem holds: CCPg), and henceJrcpy > Joop(e)-
To prove the second claim, notice thatdifis feasible
for problem CCRe;) with ¢; =1 — (1 — )V, i.e.

Prob{d € A: f(6,6) >0} <1—(1—pB)"V,

N > Ngen = . .
en €, ﬁ) L1 (negene then for each ofV independent extractiong?, ..., §")
’VlanG(O )1y ( In §+np+2In -+ In 9,17‘” of 4 it holds that

then, with probability Proﬁ no smaller than — 3, either Prob{é(’) €A f(o,d(”) s0p=(1- 5)1/1\[’

the scenario problem RGPis unfeasible, and hence alsdor : = 1,..., N, and hence, by independence, the joint
the initial robust convex program is unfeasible; or, R@Pevent{ <1) ..,6(N>) € AN f(0,6W) <0, i =

is feasible, and then its optimal solutidf, (unique after 1,...,N} holds with probability at least — 3. This
the Tie-break rule has been applied)cdevel robustly means that, with probability at leadt— 3, a feasible
feasible. % point for CCRe;) is also a feasible point for RGP
We now have two possibilities, depending on whether

same steps as in the proof of Theorem 1 in Section IV wi CHe,) attains an optimal solution (i.e. feasible for

T
a few simple amendments, as sketched in the following, CRe1) exists such that i._ gcip%l).) orhnot In the
Similarly to the proof of Theorem 1, forget for the t|meIrSt sﬁyaﬂpn ¢ e'><|sts),.ta inge = ¢.n the previous
reasoning immediately implies thakcp, < Jocp(e1),

being that RCR can be unfeasible and assufie= A™. =

In the present context, interpret all subsend‘f (e.g.AY, as desired. A . .
B, By) as subsets af, s0 e.gAN = {(50 sM) e In the second situationd(does not exist), consider

A : 6 = Gy). Everything in the proof goes througha p0|nt9 which is feasible for CCR;) and such that

unaltered till equation (10). In (10), drop the last step andnce JJCCP(f )+ p% f?; So?/rgreg’sihgt(zl:ghf;jsiETeIStfz r
consider the inequality CCP(e) = IOLC

CCHe1)). By the previous reasoning, this implies that,
Prob(v(B{l ey N A{{Vl na}) with probability at leastl — 3, the pointd is also feasible

< (1—¢e)N~" . Prold" (base OfB1, nyy)-(19) for problem RCR;, entailing
PrOb{(5(1)7 e ,5(N)) S AN : JRCPN < JCCP(el) +p}

Theorem 4:Fix two real numbersc € (0,1) (level
parameter) and € (0,1) (confidence parameter). If

The proof of this theorem is obtained by following the

Now, the cyllnderB{l ,,,,, ne} does not intersecD since
any multi-sample in the cylinder is formed by the first >1-p (20)
samples that generate the optimal solutfen ... ,,,1, Plus  For the purpose of contradiction, suppose now that result 2
the remainingV —ny samples that, in conjunction with thejn the theorem is violated so thdkcpy > Joop(e,) With
first ng, either make the problem unfeasible, or, if feasiblgyrobability larger thans. Since
add constraints so still preventing escape to infinity. So,

{ 5(1), .,5 ) € AN JRCPN > JCCP(el)}

Prold* (base ofBy; _,,3) = Prob" (Byi, n,) < 1 -
Prob¥ (D) = Probd" (A), which, used in (19) gives: - U {(5(1)7._.75(1\/)) € AN Joopy > Joceie )+1}
1 v ?

Prob" (By1,...ng} VAL npy) < (1—€)N 7 -Prob¥ (4), v>0

ame} then

and, after substitution in (11), we obtain 3 < Prod" {(5(1),...,6(N>) c AN:JRCPN >JCCP(61)}

Prob"(B) <> Prob"(B; N A)) ~ lim Prol)N{(d(”,...,(S(N)) c AN .

IeT v—00

1
< <i\;> (1 - G)N_n9 . PI’ObN(A) <g- PI"ObN(A), Jrepy > JCCP(el) + V}
and we conclude that there exist® @uch that/rcp, >
Joap(e) + % with probability larger thang. But this

Prob¥ (B)/Prob¥ (4) < 3. contradicts (20) fop = 1, so concluding the proof. O

or, equivalently,
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