MAS61015 ALGEBRAIC TOPOLOGY — PROBLEM SHEET 10 — Solutions

Please hand in Exercises 2 and 3 by the Wednesday lecture of Week 4. I would prefer paper, but if that is not
possible for some reason, then you can send me a scan by email.

Exercise 1. Let U be an abelian group. Consider the chain complex
A=ULlUvtvlduvduvs
(with the first group in degree zero).

(a) What is H,A?
(b) Define f: Ay, — A, by fo =1 and fx =0 for all k # 0. Prove that f is chain-homotopic to the identity.

Solution:

(a) We have ZgA = U and ByA =0 so HyA =U. For even k > 0 we have ZyA = 0 = By A so Hy A =0, and the
same applies for k& < 0. For odd k > 0 we have Zy A = U = By A so H,A = U/U = 0 again. In summary, we
have HyA = U and all other homology groups are zero.

(b) Define maps si: Ax — Ag41 as follows:

vSuvHuSuLhu—--

On Aj all relevant maps d and s are zero so ds +ds = 0 = 1 — f;. If K > 0 is even then the maps
Ay LN Ap_1 > Ay are both equal to the identity on U, whereas the maps A, > A1 LN Ay are both
zero, so ds +ds = 1. If k > 0 is odd then the maps A 4, Ai_1 > A, are both zero, whereas the maps
Ap S Ak 4, Ay are both equal to the identity on U so ds + ds = 1 again. As fr = 0 in both these cases we

can say that ds + ds =1 — f in all degrees.
One can check that it also works to take sy = 1: Uy — Uy for all k > 0.

Exercise 2. Consider the chain complex U, where U,, = Z/100 and d,,(a) = 10a for all n € Z. Prove that H,(U) =0
but that that the identity map id: U, — U, is not chain homotopic to zero.

Solution: First, it is clear that
B,(U)={10a | a € Z/100} = {0 + 100Z, 10 + 100Z, 20 + 100Z, . .., 90 + 100Z}.

On the other hand, for a = i + 100Z € U,, we have d(a) = 10i + 100Z so d(a) = 0 iff 10i = 0 (mod 100) iff i = 0
(mod 10); this makes it clear that Z,(U) = B, (U), and thus that H,(U) = 0.

Now suppose we have maps sy : Uy, — U1 giving a chain homotopy from id to 0, so s(d(a))+d(s(a)) =id(a)—0=a
for all a € Uy. Put my = si(1) € Ugy1 = Z/100. We must then have si(a) = mya for all a € Uy. It follows that for
a = 10 € U, we have

10 = djt1(5%(10)) + sp—1(di(10)) = dry1 (10my) 4 551 (100) = 100my + 100my_1.

As we are working in Z/100, the right hand side is zero. Thus, the above equation says that 10 = 0 in Z/100, which
is false. This contradiction shows that no such chain homotopy can exist.

Exercise 3. Let U, be a chain complex in which all the groups Uy, are finite-dimensional vector spaces over QQ, and
all the differentials d: U — Ug_1 are Q-linear.

(a) For each n, choose a basis by, 1, ..., b, pm) for By (U).

(b) Explain why we can choose elements vy 1,1, ..., Vpt1,p(n) € Uns1 such that d(v,i1,x) = by for all k.

(c) Explain why we can choose additional elements hy, 1, . . ., P qn) € Z,(U) such that by, 1,. .., brpn)s Pn,1s -+ s P g(n)
is a basis for Z,(U). Describe H, (U) in terms of this basis.

(d) Explain why the list vy 1, ., Vn p(n—1)sOn,15 - -+ brp(n)s P15 - - - i () is @ basis for U,.

(e) Put V,, = span(hp,1,...,hy qmn)), and consider this as a chain complex with d = 0. Construct an injective
chain map i: V, — U, and a surjective chain map r: U, — V.

(f) Define s: U,, = Upq1 by $(bni) = vny1, and s(vp,;) = 0 and s(hy,,;) = 0. Use this to show that U, is chain
homotopy equivalent to V.

Solution:

(b) Here we need only note that the elements b, ; lie in B, (U), which is defined to be the image of the map
d: Upt1 — Uy, so we can choose elements vy, 11 ; with d(vp41,:) = b
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(c) Here is a standard result from linear algebra:

Let M be a finite-dimensional vector space, let N be a subspace, and let n;,...,n, be
a basis for N. Then there exist elements m,,...,my € M such that the combined list
Ni,...,Np,M1,..., Mg is a basis for M.

We can apply this to the case where M = Z,(U) and N = B, (U). This gives a list hpn,1,.. .,y qmn) € Zn(U)
such that the combined list of b’s and A’s is a basis for Z,(U). This means that the list of h’s is a basis for a
subspace V,, < Z,,(U) with Z,(U) = B,(U) @ V,,. This gives

H,(U) = Z,(U)/Bn(U) = (Bn(U) ® Vp)/ B (U) 2 V.

More explicitly, this means that if we put c,; = [hni] = hni + Bn(U) then the list ¢, 1, ..., ¢y q(n) is a basis for
H,(U).

(d) Consider an element = € U,. We then have d(x) € B,,_1(U), and the list b, _1,1,...,b,_1 p(n—1) is a basis for
By,_1, so there is a unique family of coefficients \; with d(z) = >, Aibp—1,;. As d(vpn;) = bp—1,i, We see that
the element o' = x — >, \jvy, ; satisfies d(2’) = 0, so 2’ € Z,(U). As the list in (c) is a basis for Z,(U), we see
that there are unique families of coefficients p; and vy such that 2’ = i Hibn i+ >k Vil i, or equivalently
T =, ANV + Zj Wibnj + >k Vkhn k. As all of these coefficients are unique, we see that the indicated list
is indeed a basis for U,.

(e) We can define i: V,, — U, to be the inclusion, so i(hy, ) = hpy for k = 1,...,q9(n). As hy, € Z,(U) by
construction we see that d(h, ;) = 0 and so di = 0 = id. This means that ¢ is a chain map (and it is clearly
injective). Next, because the list in (d) is a basis, we can define r: U, — V,, by (v, ;) = 0 and r(b, ;) =0
and r(hp k) = hy k. We find that 7(d(vn ;) = r(bn-1,) = 0 = d(r(vs;)) and r(d(bn,;)) = 7(0) = 0 = d(r(bn ;))
and 7(d(hn k) = r(0) = 0 = d(r(hn)), so r is a chain map (which is clearly surjective).

(f) It is clear that r o4 =id: Vi — V,. Next, we have

(ds + sd)(vni) = d(0) + s(bp—1,) = vpn (id —ir)(vni) = vni — 1(0) = vy
(ds + Sd)( ) ('Un+1 j) (0) = bn,j (ld _ir)(b"-,j) = bnvj - Z(O) =bn J
(dS + Sd)(hn’k) = d( ) (0) =0 (1d —iT)(hn,k) = hn,k — Z(hn’k) =0.

This shows that ds + sd = id —ir, so s gives a chain homotopy between id and ér. This implies that r is a
chain homotopy inverse for i, as required.

Exercise 4. Consider the following matrices:

1 -1 0 1 11 1 00 0 0 0
D=0 1 -1 T=11 11 U=10 0 O V=10 11
-1 0 1 1 11 0 0 0 0 0 1

Multiplication by D gives a homomorphism Z? — Z3, and similarly for the other three matrices.
(a) Show that the sequence

is a chain complex.
(b) Find UT + DV and TU 4+ V D.
(¢) Use (b) to construct a chain homotopy between certain maps A, — A..
(d) Use this to calculate H, A.

Solution:

(a) We just need to check that the composites of adjacent differentials are zero, or equivalently that the matrix
products DT and T'D are zero. This is a straightforward calculation.
(b) Tt is also straightforward to calculate

1 11 1 0 0 0 0 0 0 -1 -1
UTr'=1(0 0 O TU=1|1 0 O VD=]|-1 1 0 DV =10 1 0
0 0 0 1 00 -1 0 1 0 0 1

From this we get UT + DV =TU +VD =1.
(c) Let s be the following system of maps si: A — Agt1:

VAR LRy R SRRy R
In strictly positive odd degrees we have ds + sd = TU + VD = I. In strictly positive even degrees we have
ds+ sd = DV + UT = I. In degree zero we have ds + sd = DV = I — UT. Thus, if we define fy = UT and

fr =0 for k # 0, we find that ds + sd =1 — f, so f is chain homotopic to the identity.
2



(d) Part (c) tells us that the identity map of HyA is the same as f,, and so is zero for k > 0, so HyA = 0 for
k > 0. It is also clear that HyA = 0 for k < 0. From the definitions we have HyA = Z3/img(D). The vectors
uy = (1,0,0) and up = De; = (1,0,—1) and uz = Dey = (—1,1,0) are easily seen to give a basis of Z3. We
also have Deg = (0,—1,1) = —ug — ug, so img(D) is spanned by us and us, so HpA is a copy of Z generated
by [Ul]



