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1 (a) Explain the terms homeomorphism and homeomorphic. (3 marks)

(b) Explain the terms homotopy, homotopic and homotopy equivalent, distinguish-
ing carefully between them. (5 marks)

(c) Consider the following spaces:

Xo={2€C|Re(z) ¢ Z}
X; ={2€C|Im(z) € Z}
Xo={2€C|z2¢7Z}
Xs={2€R|2¢7Z}
Xy={2€C||z| € Z}.

(i) Sketch all these spaces. (5 marks)

(ii) For which pairs (7,7) is X; homotopy equivalent to X;? Justify your
answer briefly. In cases where X; is homotopy equivalent to X; you
should explain why, and in cases where X; is not homotopy equivalent
to X, you should explain that as well. (6 marks)

(iii) For which pairs (4, j) is X; homeomorphic to X;? Justify your answer
briefly. In cases where X; is homeomorphic to X; you should explain
why, and in cases where X; is not homeomorphic to Xj, you should
explain that as well. (6 marks)
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2 (a) What does it mean to say that a topological space X is compact? If your
explanation relies on any auxiliary terms, then you should define them.
(3 marks)

(b) Let X be compact topological space, and let Y be a closed subset of X.
(i) Define the subspace topology on Y. (2 marks)

(ii) Prove that when equipped with the subspace topology, Y is again com-
pact. (5 marks)

(iii) Give an example of a compact space X and a compact subpace Y such
that Y is not closed in X. (3 marks)

(iv) Explain a commonly-satisfied condition on X that guarantees that com-
pact subspaces are closed. If your explanation relies on any auxiliary
terms, then you should define them. However, you need not prove any-
thing. (3 marks)

(¢) Put X =Z x Z and Y = {(z,y) € R* | 100 < 2* + y* < 10000}, considered as
subspaces of the plane R?

(i) Is X compact? (1 mark)
(i) Is Y compact? (1 mark)
(iii) Is X NY compact? (2 marks)

Justify your answers.

(d) Let X be a metric space such that X \ {z} is compact for all x € X. Prove
that X is finite. (5 marks)
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3 Let U, AN V. & W, be a short exact sequence of chain complexes and chain maps.

(a) Define what is meant by saying that the above sequence is short exact.
(3 marks)

Now recall that a snake for the above sequence is a system (¢, w, v, u, a) such that

e cc H,(W);
e we Z,(W)is a cycle such that ¢ = [w];
e v €V, is an element with p(v) = w;

o u€ Z,1(U)is a cycle with i(u) = d(v) € V,,_1;

a=u] € H,_1(U).

(b) Prove that for each ¢ € H,(W) there is a snake starting with ¢. (7 marks)
(c) Explain how the connecting homomorphism 6: H,(W) — H,,_1(U) is defined
in terms of snakes. If any further lemmas are needed to ensure that your

definition is meaningful, then you should state those lemmas carefully, but you
need not prove them. (4 marks)

(d) Consider the following example. For each k € Z we have

U, =17/24=17/(2% x 3) dV(z) =120 =2>x3 x

Vi = 7,/1296 = Z,/(2* x 3%) d"(z) =360 =2*x3* xx

Wy, =7/54 =17/(2 x 3% dV(z) = —187 = -2 x 3* x z.
The maps

Up = Vi & Wy
are i(a (mod 24)) = 54a (mod 1296) and p(b (mod 1296)) = b (mod 54).

(i) Check that i and p are chain maps. (You may assume that they give a
short exact sequence.) (3 marks)

(ii) Calculate the groups Hy(U), H(V) and H(W). (5 marks)

(iii) By finding an appropriate snake, calculate the homomorphism
d: H (W) — Hi_1(U). (3 marks)
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4 For each of the following, either give an example (with justification) or prove that no
example can exist.

(a) A topological space X with two noncompact subsets Y, Z such that Y U Z is
compact. (5 marks)

(b) Subsets A, B,C C R? such that A, B, C, AUB, AUC and B U C are all
contractible, but AU B U C' is not contractible. (5 marks)

(c) A topological space X with two open subsets U and V' such that U, V' and
UNYV are all homotopy equivalent to S*, and X = UUV, and X is homotopy
equivalent to S*. (5 marks)

(d) A path connected space X such that H,(X) is not isomorphic to H.(X x X).
(5 marks)

(e) Spaces X and Y such that X is path connected, Y is not path connected, and
Hy(X) ~ H,(Y) for all k. (5 marks)
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5 Consider S' as the unit circle in R? as usual. Let X be a path connected space, and
put

U={(tz)e S x X |t#(0,1)}
V={(tz)e S x X |t#(0,-1)}
We use the usual notation for inclusion maps:
unv ——— U
| I
V—— St x X.

(a) Define maps f,g: X — U NV such that f gives a homotopy equivalence from
X to one path component of U NV, and g gives a homotopy equivalence from
X to the other path component of U NV (4 marks)

(b) Prove that the map i’ =io f: X — U is homotopic to io g, and also that ' is a
homotopy equivalence. (You can then assume without further argument that
the map 7' = jo f: X — V is homotopic to j o g, and that 5’ is a homotopy
equivalence.) (6 marks)

(¢) Deduce descriptions (in terms of H,(X)) of the homology groups H,(U NV),
H,(U) and H,(V), and the homomorphism

o = [_ﬂ L H(UNV) = Hy(U) @ Hy (V).

Find the kernel and image of «. (8 marks)

(d) Show that every element of H,(U) ® H,(V) can be written as (i,(a),0) + a(b)
for a unique pair (a,b) € H,(X) & H,(X). (3 marks)

(e) Deduce that there is a short exact sequence H,(X) — H,(S'x X) — H, 1(X).
(4 marks)

End of Question Paper

MAS435 7



