PROBLEMS ON ALGEBRAIC TOPOLOGY

1. HOMEOMORPHISMS

Problem 1.1. Let z be a point in R", and suppose € > 0. Put U = {y € R" | || — y|| < €}. In lectures we claimed
that there is a homeomorphism f: U — R"™ given by
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Check carefully that these formulae give well-defined and continuous maps with the appropriate domains and ranges,
and that they are inverse to each other.

Problem 1.2. Recall that u(n) = {8 € M,(C) | 8+ = 0}. Find a basis for u(2) over R, and prove that u(2) is not
a complex vector subspace of Ms(C).

Problem 1.3. Recall our definition of the lens space: we have a complex vector space V of dimension n with inner
product, and an integer d > 1. We put Cy = {w € C | w? = 1}, and we let this act on S(V) by multiplication. The
lens space is then M = S(V)/Cy. What can you say in the special case where n = 1, or the special case where d = 2?7

Problem 1.4. Let V be a finite-dimensional vector space with inner product. In Section 4 of the notes we defined
spaces S(V,), S"(Vy), S+ (V1)/S(V), SV, and B(V)/S(V), and gave a table of formulae giving homeomorphisms
between all these spaces. Verify a few of these formulae.

Problem 1.5. By quoting a suitable general theorem, prove that A; x Ay x Az is homeomorphic to Ag.

Problem 1.6. Consider the square X = {(z,y) € R? | 0 < z,y < 1} and the edge Y = {(x,0) | 0 < = < 1}. Prove
that X/Y is homeomorphic to B2.

Problem 1.7. Let X be a space, and Y a closed subspace, and let Z be any other space. Construct a continuous
bijection f: (X/Y)ANZy = (X x Z2)/(Y x Z).

(In the cases of interest f~! will be continuous so that f is a homeomorphism, but there are technical subtleties
around this point.)

Problem 1.8. If X and Y are finite based sets, with |X| =n and |Y| = m, what are | X VY| and |[X AY|?

2. MAYER-VIETORIS

Problem 2.1. Put A= {0,1,...,n— 1} CR and U = R?\ (A x {0}). Calculate H*(U). (Hint: consider the sets
Uy =R?\ (A x [0,£00)) and use the Mayer-Vietoris sequence.)

3. THE KUNNETH THEOREM

Problem 3.1. Consider the spaces X = C\ {0,1} and Y = C\ {0,1,2}. The cohomology of these was described in
lectures. Describe H"(X x Y) for all n. Show that a? =0 for all a € H (X x Y).



4. CONFIGURATION SPACES
Problem 4.1. Consider the space
X = FyC = {(20, 21, 22, 23) € C* | 2; # z; wheneveri # j}.

The cohomology of X was described in lectures in terms of generators and relations. Use this to give a basis for H*(X).
(You can check your answer against the following facts: H*(F},C) has total rank n!, whereas the group H" 1(F,C)
has rank (n — 1)!, and the groups H™(F,,C) are zero for m > n.)

Problem 4.2. Recall that B, C is the set of subsets S C C such that |S| = n (topologised as a quotient of F;,C).
Prove that B,C is homotopy equivalent to S*.

Problem 4.3. Construct homeomorphisms
HC~CxC*
F;C~CxC* x(C\{0,1})
B;C~CxC*

Describe the cohomology of all these spaces.

Problem 4.4. Let F5R™ denote the space of pairs (a,b) with a,b € R® and a # b. Let ByR™ be the quotient of
F>;R™ by the evident action of Cs, so (a,b) ~ (c,d) iff ((a,b) = (¢,d) or (a,b) = (d,c). Let RP"~! denote the space of
one-dimensional subspaces L < R™. Show that B;R" is homotopy equivalent to RP" !,

5. MATRIX GROUPS

Problem 5.1. Give a path joining I to —I in U(2).

Problem 5.2. Put SU(n) = {A € U(n) | det(A) = 1}. Define a: SU(3) — S® x S° by a(A) = (Aeg, Ae1) (where
{eo, e1, €2} is the standard basis of C?). Prove that « is injective but not surjective.

Problem 5.3. Prove that SU(2) is homeomorphic to S3, and thus that U(2) is homeomorphic to S x S3.

Problem 5.4. Prove that the space GL (R) = {A € GLy(R) | det(A) > 0} is homeomorphic to R? x S*.

], and let G be the group of matrices A € GL4(R) such that AT JA = J. This is
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Problem 5.5. Put J = {8(1)(1) 9
000

e that it has at least four path-components.

called the Lorenz group. Prov

Problem 5.6. Recall the complex reflection map p: S x CP! — U(2): the matrix p(z, L) has eigenvalue z on L, and
eigenvalue 1 on L*. Consider the following two matrices:

C1fi+l —i—1 1o
A_QL'+1 i+1} B_ﬁ[1 1]'

One of these has the form p(z, L) for some z and L, and the other does not lie in the image of p. Work out which is
which, and find z and L.

Problem 5.7. Give a formula for the rank of the free abelian group H*U(n).

Problem 5.8. Give a basis for H*(U(4)/U(2)). (This should be interpreted as the space obtained from U(4) by
collapsing U(2) to a point, not the coset space.)



Problem 5.9. Find an integer n and a class u € H*U(n) such that u? is a nonzero element of H"2U(n).

Problem 5.10. Let p: U(3) xU(3) — U(3) be given by u(A4, B) = AB. By quoting facts about p* proved in lectures,
calculate p*(ajazas) € HY(U(3) x U(3)).

Problem 5.11. It is known that any manifold M can be embedded as a subspace of a finite dimensional vector space.
As an example, exhibit an embedding of PV in Hom(V, V) (for any Hermitian space V'). (Look through the discussion
of the topology of U (V) for hints.)

6. VECTOR BUNDLES

Problem 6.1. If T is the tautological line bundle over CP™, prove that S(T ® T') = RP?"+1.

Problem 6.2. Let g: V \ {0} — PV be the usual quotient map, and let T denote the tautological bundle over PV.
Prove that ¢*T' is isomorphic to a constant bundle.

Problem 6.3. Let L be the Mobius bundle over S!, given by L, = {w € C | w? € 2.[0,00)}. Prove that the bundle
C®r L >~ L ® L is isomorphic to a constant bundle.

Problem 6.4. Let V and W be complex vector bundles over a base X, and suppose that dim¢ (W) = 1. Prove that
P(VeW)~PV.

Problem 6.5. Let V be a Hermitian space, and let L be the tautological bundle over PV. Interpret Hom(L, L*) as
a bundle over PV, and show that it is isomorphic to the tangent bundle.

Problem 6.6. Let V' be a complex vector bundle over U(n) that can be written as a direct sum of line bundles. What
can you say about fy (¢)?

7. MISCELLANEOUS

Problem 7.1. Recall that the Mobius band can be described as
M = {(z,w) € C x C||z| =1 and w? = tz for some t > 0}.
Prove that this is homotopy equivalent to S*.

Problem 7.2. Let G be a path-connected topological group, such that H*(G) is a finitely generated free abelian
group. Prove that every element of H'(G) is primitive.

Problem 7.3. Let M be the Milnor hypersurface in CP2 x CP3, and let y and z be the standard generators of H* M.
Give a basis for H*M, and express (y + 2)* in terms of that basis.

Problem 7.4. Recall that a Mdbius transformation is a map f from the Riemann sphere C U {co} ~ CP! to itself
that can be written in the form f(z) = (az +b)/(cz + d) for some a, b, ¢,d € C with ad — be # 0. Let M be the group
of Mébius transformations.
Construct homeomorphisms
SL(2,C)/{£1} ¥ M ~ F3(CU {o0}).
By considering SU(2), construct an interesting map RP? — F3(S?). By considering the Gram-Schmidt process, prove
that this map is a homotopy equivalence.



Problem 7.5. Let Hoo = {([2],[w] | >, ziw; = 0} be the standard Milnor hypersurface in CP? x CP?, and let
F3 = Flagy(C?) be the space of flags 0 = Wy < Wy < Wy < W3 = C? in C?. By quoting results from the lectures,
write down the cohomology rings of these spaces, and prove by pure algebra that they are isomorphic. Find a
homeomorphism Hs o> — F3.

Problem 7.6. For 0 < k < n+ 1 we regard C* as a subspace of C**! in the usual way. Let B,, be the space of those
flags 0 = Vo < ... < Vpiyq = C™Lin C™*! for which V3 < C*! for k = 0,...,n. Define line bundles L1,..., L1
and My,..., M, over B, by

Ly =V, © Vi
My = ctHlo Vi

(here W © U means the orthogonal complement of U in W). Check that Ly ® My = C @ My_; and deduce some
relations among Euler classes. Show how to regard B,, as a projective bundle over B,,_; and deduce a description of
H*B,.

Problem 7.7. Let V be a complex vector space of dimension n and let S be a subset of {1,...,n — 1}, say S =
{d1,...,dm-1} with dy :=0 < dy < ... < dm_1 < dp, :=n. Let Flagg(V) be the space of sequences (V4 < ... <
Va,, < V) such that dim(Vy, ) = dj, for all k. Guess a description of Hom(H* Flagg(V'), R) for any ring R, and outline
a proof that your guess is correct.

(Note that when S = {k} we have Flag¢(V) = Grass(V), and when S = {1,...,k} we have Flag¢(V) = Flag,(V),
and both of these cases have been covered in lectures.)

Problem 7.8. Give a basis for H*(Grassz(C*)).
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